Protein structures strongly influence molecular evolution. In particular, the evolutionary rate of a protein site depends on the number of its native contacts. Stability-constrained models of protein evolution consider this influence of protein structure on evolution by predicting the effect of mutations on the stability of the native state, but they currently neglect how mutations affect the protein structure. These models predict that buried protein sites with more native contacts are more constrained by natural selection and less variable, as observed. Nevertheless, previous work did not consider the stability against compact misfolded conformations, although it is known that the negative design that destabilizes these misfolded conformations influences protein evolution significantly. Here, we show that stability-constrained models that consider misfolding predict that site-specific sequence entropy and substitution rate peak at amphiphilic sites with an intermediate number of contacts, as these sites are less constrained than exposed sites with few contacts whose hydrophobicity must be limited. This result holds both for a mean-field model with independent sites and for a pairwise model that takes as a reference the wild-type sequence, but it contrasts with the observations that indicate that the entropy and the substitution rate decrease monotonically with the number of contacts. Our work suggests that stability-constrained models overestimate the tolerance of amphiphilic sites against mutations, either because of the limits of the free energy function or, more importantly in our opinion, because they do not consider how mutations perturb the native protein structure.
Introduction
One of the main determinants of the variation of the substitution rates across the sites of a protein is the number of native contacts. Buried sites tend to evolve more slowly than exposed sites (Franzosa and Xia 2009) . Later studies found that the number of native contacts is a better predictor of the evolutionary rate than the solvent accessibility (Yeh et al. 2014) . This tendency was interpreted as an indication that natural selection imposes stronger constraints on sites with many native contacts .
To explain the observed negative correlation between substitution rates and number of contacts, two kinds of models of the fitness effect of a mutation have been adopted (Echave et al. 2015) . The first kind of model, which we call here stability-constrained fitness model, computes the fitness from the predicted effect of the mutation on the folding free energy DG that determines the stability of the folded native state (see Goldstein 2011; Serohijos and Shakhnovich 2014; Bastolla et al. 2017) . Typically, the model adopts a mesoscopic representation of the protein structure such as the contact matrix and it estimates the change of free energy of the native contact matrix due to the simulated mutation, assuming that the native structure does not change. This type of model is sometimes referred in the literature as structurally constrained protein evolution model, but we prefer to call it stability-constrained model because it does not consider that mutations can modify the protein structure.
We reserve the name "structurally constrained" to the second type of model of protein evolution, which estimates how mutations affect the structure of the native state and computes the fitness from this predicted structural change. In the original version proposed by Echave (2008) , the mutation was modelled as a perturbation applied to the wild-type structure and the mutated structure was estimated through linear response theory adopting the elastic network model (ENM; Tirion 1996) . As the ENM does not represent the protein sequence, in this framework it is not possible to compute the change of folding stability, thus the fitness is assumed to depend only on the predicted structural change, not on the stability change. A modified version of this model was described in terms of the stability of the active conformation (Huang et al. 2014) , but in fact the change of folding stability DDG cannot be computed in the ENM approximation and the fitness only depends on the structural change, which is the reason why we prefer the name "structure-constrained fitness model." Of course mutations modify both the stability and the precise structure of the native state, but current models of fitness cannot compute both effects.
Both the structure-constrained fitness model and the stability-constrained fitness model qualitatively reproduce the observed correlation between number of contacts and substitution rate (Scherrer et al. 2012; Huang et al. 2014; Echave et al. 2015) . Nevertheless, the stability-constrained model that was adopted in Echave et al. (2015) has two important limitations. First of all, it is a neutral model in which the fitness is zero if the stability is below a threshold and one otherwise, which does not allow to simulate the evolutionary effect of small increases or decreases in stability. Second and more important, the model only considers the stability against unfolding (i.e., the difference between the free energy of the native state and the stability of the unfolded state, which is often considered independent of the protein sequence), without considering the effect of the mutation on the free energy of the misfolded ensemble. In contrast, several empirical observations support the view that the stability of the misfolded state is subject to selection through negative design that tends to destabilize misfolded conformations (Berezovsky et al. 2007; Noivirt-Brik et al. 2009; Minning et al. 2013) .
Here, we revisit the site-dependence of the substitution rates and its relationship with protein stability against both unfolding and misfolding adopting a recently proposed mean-field (MF) model of protein evolution (Arenas et al. 2015) . In line with a previous model (Bastolla et al. 2006 ), the MF model assumes that all sites of the protein evolve independently in a site-specific manner, and it determines their site-specific properties by imposing a global constraint on the thermodynamic stability of the known native state against both unfolding and misfolding. We have shown that the MF model significantly improves the likelihood of inferred evolutionary events with respect to empirical models that do not take into account the structural properties of each site (Arenas et al. 2015) . Furthermore, it improves the reconstruction of the stability properties of ancestral sequences (Arenas et al. 2017) . Nevertheless, we shall show here that the sitespecific entropy and substitution rates predicted through this model are in qualitative disagreement with observed data for sites with an intermediate number of contacts, neither exposed nor buried.
In order to investigate how the assumption of siteindependence and the misfolding stability influence the substitution rates, we also considered alternative models. In addition to the independent-site MF model in which the effects of a mutation on stability are estimated through the meanfield approximation, we considered a model in which the effect of all point mutations that start from the wild-type sequence is explicitly computed considering all pairwise interactions in the native state and the misfolded ensemble. We call this model the wild-type (WT) model. The WT model is similar to the computation performed by Echave et al. (2015) to model stability effects on fitness, although a different free energy function is used. Second, we considered two different stability-constrained models: 1) The complete stability model that considers the stability of the nonnative state against both unfolding and misfolding, and 2) The native stability model that computes the folding free energy DG as the difference between the free energy of the native state and the one of the unfolded state, neglecting the contribution of the misfolded ensemble. In both cases, the stability of the unfolded state is assumed to be independent of the protein sequence, but we do not expect any qualitative change if this assumption is relaxed (see Discussion).
Results
We measured the site-specific properties predicted by the different versions of the stability-constrained model using a test set of 213 monomeric proteins with structures determined through X-ray crystallography. These proteins have been used in a previous study (Yeh et al. 2014) , and for each of them a multiple sequence alignment (MSA) had been obtained, which allowed us to determine the sitespecific sequence entropy and the site-specific substitution rate, the latter estimated through the program rate4site (Pupko et al. 2002) .
Sequence Entropy and Hydrophobicity Predicted from Stability Constraints
The site-specific sequence entropy
is inversely related to the selective constraints acting on the site. Consistent with a previous model based on similar ideas (Bastolla et al. 2006 ), the MF model predicts that the sitespecific sequence entropy is strongly dependent on the number of native contacts of the site and it has a maximum for amphiphilic sites with intermediate number of contacts and mixed exposed-buried character. Figure 1 shows the sequence entropy versus the number of native contacts for sites in a single protein. Each point represents a site, and a quadratic fit is shown for clarity. The MF model can easily explain this behavior of the sequence entropy. We can approximate the contact interaction energy adopted in the MF model through the hydrophobic approximation, Uða; bÞ % ÀhðaÞhðbÞ, where U(a, b) is the effective interaction energy gained when amino acids a and b form a contact, > 0 is a parameter, and h(a) is the main eigenvector of the matrix U(a, b), which is related with the hydrophobicity of the residue a, and which we shall call hydrophobicity in the following. Thus, we expect that the selection for folding stability mainly affects the average hydrophobicity of each site in such a way that sites with more native contacts tend to have larger hydrophobicity averaged over the mean-field distribution . In other words, buried sites with many contacts tend to be more hydrophobic, whereas exposed sites with few contacts tend to be more polar, consistent with qualitative ideas on protein folding.
Sites whose average hydrophobicity is equal to the average hydrophobicity of an equiprobable amino acid distribution are minimally constrained, and they have maximal entropy. Thus, according to the MF model, selective constraints on folding stability are weakest at amphiphilic sites with intermediate exposure, not at exposed sites.
Jimenez et al. . doi:10.1093/molbev/msx327 MBE It can be hypothesized that this result stems from the assumption of independent sites used to build the MF model, whereas under a pairwise model the sites that form more interactions are subjected to stronger constraints. To address this important concern, we adopted a simple model in which the fitness effect of all point mutations from the wild-type sequence is computed with the full pairwise stability model. In this model, which we call WT, the frequency of amino acid a at position i is assumed to be proportional to the background distribution multiplied times the exponential of the fitness of the corresponding mutation in which the wild-type amino acid A WT i is substituted by the new amino acid a, P WT;i ðaÞ / P mut ðaÞ exp ðKf ðmutðA
! aÞÞÞ, where the fitness of a sequence is computed as in equation (7) and the selection parameter K is determined in such a way to maximize the likelihood of the wild-type sequence, P i log ðP WT;i ðA WT i ÞÞ. We note that this model is only valid one substitution away from the wild-type sequence and its use is questionable for longer substitution processes, but it allows us assessing the effect of pairwise versus mean-field computations of stability effects on fitness.
The results obtained with this WT model are shown in figure 2 (left) together with the results of the MF model. As expected, the entropy of sites with many contacts is considerably reduced with respect to the mean-field value, indicating that the pairwise interactions increase the selective constraints for buried sites. Nevertheless, we still observe a maximum in the entropy curve, that is, amphiphilic sites are less constrained than fully exposed sites.
Our WT model is similar to the model adopted by Echave, Jackson, and Wilke (2005, EJW) . Nevertheless, the EJW model predicts that the sequence entropy decreases monotonically with the number of contacts. We reason that this discrepancy may originate from the fact that the EJW model does not consider stability against misfolding. In fact, in our models sites with few native contacts are constrained to be more polar than sites drawn from the background distribution. This fact may be attributed to the stability against misfolding. If exposed sites were more hydrophobic than what our model predicts, the stability against unfolding would remain almost the same, but the stability against misfolding would be hindered, and our selection model would limit the hydrophobicity of exposed sites.
To test this reasoning, we predict the amino acid distributions evaluating the folding stability without considering the misfolded ensemble (see Materials and Methods). Figure 2 (right) represents the average hydrophobicity, defined as hh i i ¼ P a P i ðaÞhðaÞ, versus the number of contacts. Both for the MF and for the WT models, the hydrophobicity of exposed sites with few contacts is substantially lower for the model that takes into account misfolding. This is expected according to the understanding that the hydrophobicity of sites with few contacts is constrained by negative design, whereas models that neglect misfolding generate higher hydrophobicity at these sites. The relaxed selective pressure for polarity at exposed sites also induces relaxed selective pressure for hydrophobicity at buried sites, so that in the absence of selection against misfolding the average hydrophobicity is less dependent on the number of contacts and more similar to what it would be under mutation alone.
We also show in figure 2 (right) empirical hydrophobicity values obtained from the MSA. At exposed sites, empirical hydrophobicity values are even smaller than those of models that consider misfolding, and they strongly disagree with models that neglect misfolding, supporting the importance of stability against misfolding. From the empirical MBE hydrophobicity curve, we can see that the predictions based on the complete model overestimate the hydrophobicity of sites with 12 or more contacts. This discrepancy affects less than 8% of sites, and it is due to the fact that in real sequences a large number of contacts select large aromatic amino acids whose hydrophobicity is intermediate, whereas in our free energy model the size of the amino acid is not properly considered. A stronger correlation with the empirical hydrophobicity is observed for the principal eigenvector of the contact matrix , which is correlated with the number of contacts but is less dependent on the size of the amino acid. Altogether, empirical data clearly support the importance of selection against misfolding.
The behavior of the average hydrophobicity versus the number of contacts directly affects the sequence entropy, as previously shown . In agreement with the above analysis, we find that the sequence entropy is substantially higher for the models that do not take into account misfolding than for the complete stability models ( fig. 2 left) , showing that stability against misfolding is an important selective constraint in both the MF and the WT models. The difference between the complete and the native model is most important for sites with minimum and maximum number of contacts. Of particular importance, the native model that does not consider stability against misfolding predicts that the entropy monotonically decreases with the number of contacts, in agreement with the EJW model (see fig. 2 left) . Therefore, the existence of a maximum of the entropy in the MF and the WT models is a consequence of considering stability with respect to misfolding.
The predictions of the evolutionary model that considers misfolding are robust with respect to introducing the contribution to protein stability of the propensities between amino acids and secondary structure. This contribution is modelled by adding to the free energy function the term P i SS ðs i ; A i Þ, where s i is the secondary structure, A i is the amino acid, and SS is a statistical potential for secondary structure whose parameters have been determined in Bastolla et al. (2008) . These parameters have the property that they can be combined with contact interactions as they do not count the propensity between secondary structure and amino acids induced by the number of contacts. We found that this addition slightly reduces the sequence entropy, as expected, but it does not modify its overall shape versus the number of contacts (supplementary fig. S1 , Supplementary Material online).
Site-Specific and Pooled Entropy from Empirical Data
We now examine site-specific sequence entropies measured from MSA for proteins with known X-ray structure. For each site, we measure the site-specific amino acid distribution and compute the corresponding entropy. The entropies of sites with the same number of contacts n c are averaged and the average entropy is represented as a function of n c in figure 3 (A). One can see that the MSA entropy is much smaller than the site-specific entropy predicted even by the model displaying the strongest stability constraints, that is, the WT model with selection on misfolding. Importantly, the empirical entropy monotonically decreases with the number of contacts. However, the sequences in the MSA are evolutionarily related and they are not independent of each other. This can lead to underestimate the entropy because there was not sufficient time to explore sequence space. Because of this reason, we do not attach much importance to the absolute value of the MBE site-specific entropy. Nevertheless, the fact that the entropy is a decreasing function of the number of contacts is quite robust. In order to test it, we computed the MSA entropy iteratively removing from each alignment the most divergent sequence whose average identity with the other sequences is lowest. By increasing the number of removed sequences from 0 to 10, the value of the entropy slightly decreases, but the functional dependence on the number of contacts does not change (see supplementary fig. S2 , Supplementary Material online). Therefore, the stability-constrained model of protein evolution that takes into account stability against misfolding is not supported by empirical data, neither at the quantitative level (the value of the entropy) nor, more importantly, at the qualitative level (the dependence of the entropy with the number of contacts). This is the main result of this work. Next, we pool together all sites with n c contacts, we compute the entropy of the corresponding amino acid distribution, and we plot it as a function of n c . Figure 3 (B) shows that pooled entropies are much higher than site-specific entropies, and they present a maximum versus the number of contacts, as predicted by stability-constrained models. These results confirm those obtained in Porto et al. (2005) , who found that the sequence entropy versus the number of contacts has a maximum when sites with the same number of contacts are grouped together, but not when they are examined separately (Ramsey et al. 2011 ) as in figure 1. As disucssed by Ramsey et al., the fact that the pooled entropy is much larger than the sitespecific entropy suggests that the latter responds to stronger structural constraints, which are averaged away when sites are pooled, leaving only weaker and less specific constraints that are captured by the stability-constrained model. Importantly, exposed sites with few contacts have smaller pooled entropy, that is, they are more selective for the amino acid types, than amphiphilic sites with an intermediate number of contacts. This reduced entropy of exposed sites is a further indication that these sites are not likely to contain hydrophobic residues, which supports the model with misfolding. Note in fact that the pooled entropy of sites with zero contacts is 2.5, which agrees better with the entropy predicted by the complete stability models (2.7) than with the entropy predicted by the native stability models (2.9). Consistent with the analysis of the site-specific average hydrophobicity, these data suggest that selection against misfolding is even stronger in real sequences than in sequences generated with stability-constrained models.
Substitution Rates
The results reported above have direct implications for the substitution rates. In fact, evolutionary arguments suggest that more constrained sites with smaller sequence entropy evolve slower. This behavior is clear from empirical data from MSA, which show a monotonic increase of the substitution rate with sequence entropy, as shown in figure 4 (A). The plot is obtained by computing the sequence entropy and the substitution rate for each individual site and then grouping together sites with similar sequence entropy. As a result of the monotonic relationships between number of contacts and sequence entropy and between sequence entropy and substitution rate, the substitution rate monotonically decreases with the number of contacts as found in several previous studies ) (see fig. 4 B) .
The monotonic increase of the substitution rate with the sequence entropy is consistent with the Halpern-Bruno (HB) model of the substitution process (Halpern and Bruno 1998) . This mathematical model is derived from the population genetics formula of the fixation probabilities in the limit of very small mutation rate (Kimura 1962) . Briefly, the HB model considers the independent sites approximation, Substitution Rates . doi:10.1093/molbev/msx327
Þ and models the evolutionary process at each site as a Moran's process. The HB model is based on the observation that the stationary distribution of the Moran's process at site i is an exponential distribution of the fitness of amino acid a at site i, P i ðaÞ / P mut ðaÞ exp ðKf i ðaÞÞ, where P mut ðaÞ is a background distribution that represents the mutation process and K is a selection parameter related with the effective population size. The same relationship between stationary distribution and fitness was later recognized by Sella and Hirsch (2005) and by Mustonen and L€ assig (2005) , without invoking the independent sites approximation. These authors deeply discussed the analogy between population genetics and statistical physics, where the inverse of population size plays the role of the evolutionary temperature and the fitness plays the role of minus the energy. For a didactic discussion of this subject, see also Nido et al. (2016) . The MF and WT models are also based on the same principle, but they explicitly compute the fitness and the site-specific amino acid frequencies from the folding stability model, whereas in the HB approach the site-specific amino acid frequencies are obtained from empirical data.
The HB approach allows computing the site-specific substitution processes with rate matrices Q i ab that fulfill the following properties: 1) They admit as stationary distributions the P i ðaÞ and 2) they can be expressed as
mut is a global mutation process and P fix is the fixation probability derived from the Moran's model whose stationary distribution is P i a . Without loss of generality, we can parametrize the rate matrix of the mutation process as Q is the stationary matrix of the mutation process and E mut ab is its exchangeability matrix. To simplify formulas, here we assume detailed balance, that is, we assume that E mut ab is a symmetric matrix. Halpern and Bruno showed that the conditions (1) and (2) above imply that the site-specific substitution processes are given by
(1)
As the exchangeability matrix E i ab is symmetric, detailed balance holds and P a , then the substitution rate is enhanced with respect to the neutral rate, and it is decreased in the opposite case. Because of detailed balance, these effects are exactly compensated by the ratio of the initial frequencies of a and b, and the flux in one direction and the other are equal,
ba . In the HB model, the flux between two amino acids a and b is given by Halpern and Bruno (1998) argued that the substitution rate
b is higher at position with higher sequence entropy. This expectation is fulfilled on the average but it is not a rigorous inequality, and in fact we observe that the substitution rate is not a strictly increasing function of sequence entropy (see fig. 5 A) .
We determine the global exchangeability matrix E mut ab through the condition that the average flux between any pair of amino acids equals the flux measured in an empirical model of the substitution process,
In this way, the effect of the selection process represented in the MF model disappears from the matrix E mut ab , and this matrix does not contain any free parameter.
We note here that in our original mean-field paper (Arenas et al. 2015) we assumed that the exchangeability matrix is the same at all sites, E ¼ 0:5. We verified numerically that our previous model with global exchangeability matrix predicts an inverse relationship between sequence entropy and substitution rate that is contradicted by empirical data and is inconsistent with the Moran's model. Therefore, to amend this point, here and in our next works we shall adopt for the MF model the exchangeability matrix E i ab of the HB model (eq. 2). Figure 5 (A) shows the substitution rate as a function of the sequence entropy obtained with the four combinations of models that we considered. The substitution rate shows an almost monotonic increase with the sequence entropy, consistent with empirical data and with the HB arguments. We then show in figure 5 (B) the substitution rate as a function of the number of contacts. In this case, as expected, the results differ qualitatively for two classes of models. Models that neglect stability against misfolding and predict a monotonic decrease of sequence entropy with the number of contacts also predict that the substitution rate decreases with the number of contacts. In contrast, models that consider stability against misfolding and present a maximum of sequence entropy versus the number of contacts also feature the same maximum in the curve of the substitution rate versus the number of contacts.
Discussion
The main conclusion of this study is that the stabilityconstrained fitness models that take into account stability against misfolding disagree qualitatively with empirical data obtained from MSA, because they predict that both site-specific sequence entropy and site-specific substitution rates present a maximum as a function of the number of contacts whereas in empirical data both quantities decrease monotonically with the number of contacts .
In contrast, stability-constrained fitness models that do not consider stability against misfolding predict that both Substitution Rates . doi:10.1093/molbev/msx327 MBE the sequence entropy and the substitution rate monotonically decrease with the number of contacts, as observed in empirical data (Echave et al. 2015) . Nevertheless, several lines of evidence indicate that models that ignore stability against misfolding are less supported by empirical data. We briefly review this evidence below. First of all, from the physical point of view, contact interactions, which only consider interresidues interactions, do not consider the free energy of solvation, whose contribution would penalize the exposure of hydrophobic residues. Solvation of exposed residues does not contribute to stability against unfolding, as residues that are exposed in the native state are also exposed in the unfolded state, but it contributes to stability against misfolding, as these residues are buried in some misfolded conformations. In contact energy functions, solvation is implicitly considered when alternative conformations contribute to the free energy, and in this case hydrophobic residues are most stabilized when they are buried in the interior of the protein. Thus, contact-based models of stability cannot consider only the native structure.
From an evolutionary point of view, the analysis of protein sequences show that the features that reduce the stability of the misfolded ensemble, the so-called negative design (Berezovsky et al. 2007) , are significantly stronger in evolved sequences than in their reshuffled randomizations. These features include the destabilization of contacts between residues close in the protein sequence that are frequently formed in misfolded conformations (Noivirt-Brik et al. 2009; Bastolla et al. 2012 ) and the destabilization of pairs of correlated contacts that are frequently formed together in the misfolded ensemble (Minning et al. 2013) . As the stability of the misfolded ensemble is predicted to increase with protein length and hydrophobicity, long and hydrophobic proteins are expected to face more misfolding problems and their sequences are expected to be more strongly selected for negative design. Consistently with this expectation, the more hydrophobic and the longer is the protein sequence, the more its negative design scores diverge from those of reshuffled sequences, indicating that the selective force favoring negative design increases with protein hydrophobicity and protein length (Minning et al. 2013 ) and supporting the idea that this is a real selective force and not an artefact. Furthermore, the amino acid compositions of evolved protein sequences are not random. If we consider three classes of residues, hydrophobic, polar, and neutral, we observe that sequences with a large fraction of hydrophobic residues have a significantly larger than expected fraction of polar residues (Minning et al. 2013 ). This property is expected under negative design, as repulsive interactions between polar residues compensate the attraction between hydrophobic residues, and it is stronger for longer proteins.
Another evidence that supports negative design is the recent observation that point mutations that increase the surface hydrophobicity of symmetric complexes of Escherichia coli trigger the formation of large supramolecular assemblies, and that in wild-type sequences hot-spots of supramolecular assembly are buffered by hydrophilic residues, suggesting that negative design is preventing the misassembly of these regions (Garcia-Seisdedos et al. 2017) .
A second line of evidence comes from the study of the MF model of protein evolution with selection on the stability of the native state (Arenas et al. 2015) . The variant of the model that neglects stability against misfolding has several unsatisfactory properties: 1) The average hydrophobicity of the sequences that it generates is much larger than the average hydrophobicity of natural sequences, 2) the likelihood of wildtype sequence in the PDB with respect to the model is low, and 3) the sequences generated by the model are on the average unstable against misfolding. All these aspects are significantly improved when stability against misfolding is considered in the model. In particular, the average hydrophobicity of the model becomes equal to that of the wild-type sequence, the likelihood of wild-type sequences becomes much larger, and the average stability against misfolding becomes positive. Globally, these observations strongly support the need to incorporate stability against misfolding in models of protein evolution.
In this article, we have shown that the model that considers misfolding and the model that neglects it predict rather different hydrophobicity profiles. If misfolding is not considered, sites with few contacts are predicted to be more hydrophobic than they actually are and at the same time sites with many contacts are predicted to be less hydrophobic (see fig. 2 right). Thus, releasing the selective constraints imposed by negative design results in a site-specific hydrophobicity that is less dependent on the protein structure and is closer to the one induced by the mutation process. Consequently, the predicted sequence entropy is much larger if misfolding is ignored ( fig. 2 left) , except for the sites with an intermediate number of contacts that are minimally constrained by natural selection in both models.
These results hold both for the MF model and for an independent sites model that considers pairwise interactions explicitly (WT model). Recently, Goldstein and Pollock (2017) computed site-specific substitution rates in a model with epistatic interactions (sites are not considered independent). Consistent with our results, they found that sites with many contacts tend to evolve more slowly, but unfortunately they did not present the comparison between exposed and amphiphilic sites.
The comparison with evolved MSA ( fig. 3 A) shows that stability-constrained models overestimate the site-specific sequence entropy, but the overestimation is much larger for the model that neglects misfolding. However, when MSA sites with the same number of contacts are pooled together to get contact-specific distributions of amino acids that respond to similar stability constraints and average out structural constraints, the resulting sequence entropy is very similar to what is predicted by the model with selection on misfolding, both qualitatively (there is a maximum between six and seven contacts, in agreement with the misfolding model, which predicts a maximum between five and six contacts, whereas the model that neglects misfolding predicts a monotonic trend with maximum at 0 contacts) and quantitatively (the entropy of the model overestimates by approximately Jimenez et al. . doi:10.1093/molbev/msx327 MBE 0.2 units the pooled entropy of both exposed sites with n c ¼ 0 and buried sites with n c ¼ 11, above which the statistical error in the MSA becomes very large, whereas the discrepancy is 0.9 and 1.4 with respect to site-specific entropies). Thus, we conclude that our model with selection on misfolding stability captures reasonably well the site-specific selective constraints on amino acid hydrophobicities although other aspects such as amino acid size are less well represented, whereas the model that neglects misfolding presents large qualitative and quantitative discrepancies with observed data.
The main result of this work is that stability-constrained models of protein evolution that consider misfolding do not agree with the empirical observation that the sequence entropy and the substitution rate decrease monotonically with the number of native contacts. The previous finding that stability-constrained models predict a monotonic decrease of the sequence entropy and the substitution rate (Echave et al. 2015) was likely a consequence of neglecting misfolding stability, which has the consequence of increasing the hydrophobicity of sites with few contacts with respect to evolved sequences, releasing the selective constraint that these sites cannot be too hydrophobic, and overestimating their sequence entropy.
Although the empirical site-specific entropies are likely underestimated, as the sampled sequences are evolutionarily related and it is possible that they did not explore sequence space sufficiently, the fact that the entropy decreases with the number of contacts is quite robust, as we demonstrated eliminating the most distance sequences from each alignment.
The qualitative disagreement that we observed between the stability-constrained model and the empirical observations may be attributed to the limitations of the stability prediction. We note that contact energy functions are only appropriate when proteins are in a native-like geometry, as they only consider soft interresidue interactions and neglect all the hard interactions that define the protein geometry, such as steric repulsion, hydrogen bonds, and atomic packing. These interactions are properly satisfied in the native state of wild-type proteins but they cannot be taken for granted in mutants, which can present atomic clashes or cavities that would be not adequately penalized by the contact free energy function. Unfortunately, the strategy to include these hard terms in the free energy function and run explicit simulations is computationally not affordable, which explains why most stability-constrained models of protein evolution adopt contact energy functions. In any case, the energy function that we adopted was tested against 195 experimental measures of DDG of proteins that fold with two-state thermodynamics, mostly involving hydrophobic residues, yielding a squared correlation coefficient between measured and predicted values r 2 ¼ 0:52 ( fig. 1 in Bastolla 2014) , that is, contact interactions account for half of the experimental effect, which is comparable to other more complex free energy functions. Finally, provided that stability against misfolding is considered, the qualitative predictions of the stability-constrained model are robust if we consider the contribution to protein stability due to the propensity of amino acids for secondary structures. Modelling the influence of the protein sequence on the stability of the unfolded state would result in a mathematical model similar to the model with secondary structure propensity, as the configurational entropy of the side chains can be modelled as P i entr ðA i Þ, with parameters entr ðaÞ correlated with the propensity of the amino acid a in the loop secondary structure. Thus, the robustness of the stability-constrained model under addition of secondary structure propensities suggests that the qualitative shape of the sequence entropy curve would not change if we consider the influence of the protein sequence on the stability of the unfolded state.
These arguments support the view that the limitations of the stability model, that we openly recognize, are not responsible of the qualitative disagreement between the predicted and observed site-specific variability. In our opinion, the responsible of the disagreement is another characteristic of the model that is clearly unrealistic: The assumption that mutations do not modify the protein structure.
Indeed, mutations can create native structures that are thermodynamically stable but are different from the wild type. These mutations would be accepted by stabilityconstrained protein evolution models, but probably they would be discarded by purifying selection. It is common evolutionary wisdom that protein structures are more conserved than protein sequences (Illegard et al. 2009 ), which means that, for small evolutionary divergence, the fractional change of protein structures is smaller than the corresponding fractional change of protein sequences (Pascual-Garcia et al. 2010) . This structural conservation is likely attributable in great part to function conservation, as the pairs of homologous proteins that maintain the same function, as indicated by Gene Ontology terms, evolve up to a limit value of structural divergence, whereas the pairs that change function can diverge much more in structure (Pascual-Garcia et al. 2010) . These results, obtained by measuring the structural divergence as the divergence of contact matrices, were recently generalized using the divergence of the TM score (Zhang and Skolnick, 2004) . In this recent work (PascualGarcia A, Arenas M, and Bastolla M, submitted), we found that the violations of the molecular clock are stronger and more systematic in structure evolution than sequence evolution, in particular when protein function changes. We argued that these violations of the molecular clock are indicative of strong positive selection acting on protein structures, whereas strong purifying selection acts when the protein function is conserved.
The idea that protein structures are under strong purifying selection is consistent with the observation that the dynamics of the protein in its native state can be predicted solely from structure through structure-based models such as the ENM (Tirion 1996) , and that the predicted collective dynamics reproduces functional conformation changes and allosteric communication. This view of the functional importance of the native structure is also supported by a recent work that found that functional sites induce long-range evolutionary constraints in enzymes (Jack et al. 2016) , underlying the evolutionary importance not only of the active site but also of sites that are close to it in the native state. Substitution Rates . doi:10.1093/molbev/msx327
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Sites with an intermediate number of contacts are minimally constrained by stability-constrained models. Mutations there have hardly a significant effect on stability, and an even smaller one on fitness. In fact, the fitness function f ¼ 1=ð1þ exp ðDG=TÞÞ is a sigmoidal function of stability ÀDG, thus when the wild-type sequence is very stable (DG ( À1) changes of stability DDG have a reduced effect on the fitness and they are effectively neutral (Serohijos and Shakhnovich 2014) . According to the stability-constrained models, these amphiphilic sites hardly show any preference for particular amino acids, and their sequence entropy is almost the same as for the background distribution. However, empirical data show that these sites are more conserved than completely exposed sites. A possible explanation is that the mutations at these sites do not modify the stability but they modify the native structure and they may have a deep influence on the protein function.
This explanation agrees with the structure-constrained models of protein evolution (Echave 2008) , which predict that both the entropy and the substitution rate decrease with the number of contacts (Huang et al. 2014) , as mutations at amphiphilic sites perturb the protein structure more than mutations at exposed sites, and consequently they are more often rejected. Thus, empirical data support the structure-constrained models of protein evolution more than the stability-constrained models, at least as far as amphiphilic sites are concerned.
Of course, mutations modify both the structure of the native state and its stability DG. However, current models of protein evolution cannot predict both changes and they focus on only one aspect, considering one of two extreme types of mutations: Those that change the stability of the native state but have little effect on its structure and those that change the structure of the native state but have a weak effect on its stability. It would be rather useful to integrate both types of models into one that predicts the effect of mutations both on the structure and on the stability of the native state. Despite such a model does not exist yet, in particular due to the fact that the ENM used to predict the structural effect of a mutation does not differentiate between different sequences, this will be a very interesting direction of the future research.
Materials and Methods

Modelling Stability against Unfolding and Misfolding
We estimate the stability of the experimentally known native state of a protein adopting the contact matrix representation of its structure. For each pair of residues at positions i and j along the polypeptidic chain, C ij equals one if the residues are in contact and zero otherwise. We define two residues to be in contact if any pair of their heavy atoms, either in the side chain or in the main chain, is closer than 4.5 Å. As contacts with ji À jj 2 are formed in almost all structures, they do not contribute to the free energy difference between the native and the misfolded ensemble, and we set C ij ¼ 0 if ji À jj 2.
The free energy of a protein in the mesoscopic structure described by C ij is modelled as a sum of contact interactions, EðC; AÞ ¼ P i < j C ij UðA i ; A j Þ, which depends on the type of amino acids in contact A i and A j and on 210 contact interaction parameters U(a, b), for which we adopt the parameters determined in Bastolla et al. (2000) . For simplicity, we neglect the conformational entropy of the folded native state and estimate its free energy as G nat ðC nat ; AÞ % P i < j C nat ij UðA i ; A j Þ. Regarding the unfolded state, we neglect their contact interactions and estimate its free energy as G U % ÀTLS U , where T is the temperature in units in which k B ¼ 1, L is chain length and S U is the conformational entropy per residue of an unfolded chain. We compute the free energy of the misfolded state from the partition function of the contact energy E(C, A) over a set of compact contact matrices C of L residues that are obtained from the PDB. In agreement with previous studies (Garel and Orland 1988; Shakhnovich and Gutin 1989) , the resulting free energy is approximately described by the random energy model (REM) (Derrida 1981) , but with the addition of the third moment of the contact energy (Minning et al. 2013) :
where LS C is the logarithm of the number of compact contact matrices, h:i represents the average over the set of alternative compact contact matrices of L residues. We assume for simplicity that the conformational entropy, SðC ij Þ, is approximately the same for all compact structures including the native one, and it can be neglected for computing free energy differences. The above estimate only holds above the freezing temperature of the REM (Derrida 1981) , whereas the free energy is kept constant below the freezing temperature. Note that, although the free energy is defined in terms of Boltzmann averages, the result of the calculation depends only on the first three moments of the contact energies. These moments are computed from the corresponding moments of the contacts. For instance, the first moment is hEi ¼ P i < j hC ij iUðA i ; A j Þ. The moments of the contacts such as hC ij i are computed preliminarly in order to accelerate the computation. This is crucial, as the program must iteratively compute averages over the site-specific distributions and it is very important that the coefficients are precalculated. For this reason, we do not use specific misfolded states.
The moments of the contacts are computed over the set of compact conformations of a chain of L residues that are obtained by threading the chain over a nonredundant representation of the PDB. We consider only compact submatrices, discarding those whose number of contacts is smaller than a threshold that depends on L. To reduce the number of parameters that have to be estimated, we perform some approximations (Minning et al. 2013 ). We assume that hC ij i depends only on the contact range ji À jj and on chain Jimenez et al. . doi:10.1093/molbev/msx327 MBE length L, hC ij i ¼ aðLÞf ðji À jjÞ and determine the factor a(L) so that the average number of contacts for structures of length L is the same as for native structures. For the contact correlation term, ðhC ij C kl i À hC ij ihC kl iÞ, we consider three situations: 1) ij ¼ kl, in which case we adopt a model similar to the above that depends only on L and ji À jj; 2) a pair of residue is equal, say i ¼ l, and we average over j and k both the contacts and the energies in order to obtain a quantity that only depends on i; and 3) all four residues are different, in which case we approximate the contact correlation with the average contact correlation obtained summing over ij and kl, which sums to hNc 2 i À hNci 2 , and removing the contribution of groups of three residues. Details on the computations can be found in Arenas et al. (2015) .
Putting together these free energy estimates, we obtain the free energy difference between the native and the nonnative states as
where the free energy of the nonnative state is computed as a Boltzmann average, which is essentially equal to G misf when the sequence is hydrophobic (G misf À G U =kT ( ÀkT) and is essentially equal to G U when the sequence is hydrophilic (G misf À G U =kT ) kT). When we neglect stability against misfolding, we estimate DG ¼ G nat ðC nat ; AÞ þ LS U as if all sequences were hydrophilic.
Stability-Constrained Fitness Model
Stability-constrained models of protein evolution assume that the fitness is proportional to the fraction of protein that is in the native state, which can be computed from the folding free energy as (Goldstein 2011; Serohijos and Shakhnovich 2014) f ¼ e ÀDG=kT =ð1 þ e ÀDG=kT Þ :
The computation is performed assuming that the native contact matrix C nat does not change in evolution, whereas the sequence changes one amino acid at a time, producing the free energy DG mut ¼ DG wt þ DDG. In contrast, structure-constrained models of protein evolution adopt the ENM representation of the native state. The fraction of folded protein is assumed to be one by convention irrespective of the protein sequence, but the native structure may change upon mutation (Echave 2008) .
MF Model of Protein Evolution
The MF model assumes that the amino acid distribution is the product of independent distributions at each protein site,
The mean-field distribution is determined by minimizing its Kullback-Leibler divergence (distance between distributions) with respect to a global mutational distribution P mut ðaÞ (where a denotes any of the 20 amino acids), P ia P i ðaÞ log ðP i ðaÞ=P mut ðaÞÞ with the normalization constraints P a P i ðaÞ ¼ 1 and the constraint on the average fitness, which is transformed into a constraint on the folding free energy DG that is imposed through the Lagrange multiplier K that represents the strength of selection. As the contact energy parameters Uða; bÞ; T; S U ; S C are fixed, the only free parameters of the model are K and P mut ðaÞ. These parameters are determined maximizing the log-likelihood of the PDB sequence, P i log ðP i ðA PDB i ÞÞ. The precomputation of the moments of the contacts makes the computation very fast, it runs in a few minutes even for proteins of several hundreds of amino acids. For further computational details see Arenas et al. (2015) .
WT Model of Protein Evolution
In the WT model, the frequency of amino acid a at position i is assumed to be proportional to the background distribution P mut ðaÞ multiplied by the exponential of the fitness of the corresponding mutation in which the wild-type amino acid in the PDB A 
where the fitness of a sequence is computed as in equation (7) and the parameter K is determined in such a way to maximize the likelihood of the wild-type sequence, P i log ðP WT;i ðA WT i ÞÞ.
Sequence Entropy
The sequence entropy at position i measures the variability of this position as S i ¼ À X 20 a¼1 P i ðaÞ log ðP i ðaÞÞ ;
where P i ðaÞ is obtained either from the evolutionary model (MF or WT) or from an MSA or from pooled amino acids at equivalent structural positions with the same number of contacts.
Evolutionary Rates
The site-specific substitution rates of the evolutionary models are computed as the weighted average of the substitution rate matrix Q ab ¼ E i ab P i ðbÞ,
E i ab is the exchangeability matrix proposed by Halpern and Bruno (1998), equation (2) , in which P i ðaÞ are the sitespecific amino acid frequencies of the evolutionary model and P mut ðaÞ is the background distribution. The global exchangeability matrix E mut ab is computed imposing that the average flux between any pair of amino acids a and b is equal to their flux measured in an empirical substitution model, either the one by Whelan and Goldman (2001) or the one by Jones et al. (1992) , that is, we compute E 
Substitution Rates from MSAs
The empirical substitution rates of 213 proteins were estimated in Yeh et al. (2014) from the MSA of homologous sequences through the program Rate4Site (Pupko et al. 2002) , which builds the phylogenetic tree using a neighborjoining algorithm (Saitou and Nei 1987) and estimates rates with an empirical Bayesian approach adopting the JTT model of sequence evolution (Jones et al. 1992 ).
Supplementary Material
Supplementary data are available at Molecular Biology and Evolution online.
